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Nonlinear Response of Long Orthotropic Tubes Under Bending
Including the Brazier Effect
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A nonlinear solution to the Brazier problem of cross-sectional flattening for infinitely long tubes under bending is
formulated using classical nonlinear shell theory along with semimembrane constitutive relations. It is shown that
traditional cylindrical shell equations are not sufficient to accurately model the nonlinearity of the Brazier effect,
and the suitable corrections to the shell equations are derived. This approach gives greater physical insight into
the problem than traditional variational methods, and it yields a highly nonlinear ordinary differential equation
for infinite length cylinders with orthotropic material properties. This resulting equation is solved numerically
using finite difference techniques, and an approximate analytical solution is also obtained, which corresponds
to Brazier’s original solution. Collapse loads as a result of limit points and local instability are compared with
classical failure estimates, and the influences of laminate stacking sequence and internal pressure are explored.
Also, a collapse parameter is introduced that gives a relative measure of the buckling load to that of the limit load
for orthotropic structures, and it is shown that, for low values of this parameter, the limit moment is not a suitable

estimate for the collapse load of long cylinders.

Introduction

HE Brazier effect can be easily demonstrated by simply bend-

ing a drinking straw or rubber hose by hand. As the curvature
of the tube increases, one can feel that the applied moment needed to
produce this extra curvature begins to lessen, and often a change in
the shape of the cross section of the tube may be observed. Finally,
the tube will form a kink and collapse. This phenomenon was first
investigated by Brazier,':? and he formulated a solution to explain
the flattening behavior of isotropic circular cylinders under bending.
This cross-sectional deformation is a result of the line of action of the
longitudinal stresses in a long tube in conjunction with the curvature
of the tube axis. For example, an infinitesimal section of a deformed
tube along with the linear stress state associated with pure bending
is shown in Fig. 1. The compressive stresses at the top generate a
downward force on the cross section because of the curvature of the
tube axis, whereas the tensile stresses at the bottom produce a similar
upward force. These forces combine to flatten the original circular
cross section into an oval, thus decreasing the moment of inertia
of the cross section and producing a nonlinear load—displacement
relation. Eventually, the applied moment exceeds the load-carrying
capability of the ovalized cross section, and the tube collapses. In
practice, however, this limit moment is often never reached, because
the flattening of the cross section also lowers the structure’s local
buckling load, which generates a kink that leads to failure. The load
required to produce a limit moment and/or generate the formation
of this kink must be accurately determined for reliable design of
long orthotropic cylinders under bending.

The infinite cylindrical shell is the problem originally studied by
Brazier. It could also be construed as a greased end cylinder in which
radial and circumferential displacements are allowed at each end.
Applications for this idealized problem include underwater pipes,
medical tubing, and long cylinders subjected to beam loading, such
as fuselage structures or submarine hulls,
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The shell analysis used here is based on Vlasov’s semimembrane
theory (e.g., see Ref. 3). This simplified constitutive theory neglects
bending of the shell wall in the axial direction, thereby eliminating
the boundary layer present in usual shell problems. Semimembrane
theory also neglects the Poisson effect and assumes the circumfer-
ential and shear strain to be zero. Its application is for long shells
or shells in which the variation of stresses and strains is slow in
the axial direction. These conditions are certainly satisfied for the
infinite tube case. Other notable investigators who have utilized the
semimembrane theory for the solution of the Brazier problem in-
clude Aksel’rad and Emmerling* and Libai and Bert.’

An additional mode of structural failure that is not considered
here is a result of violation of material strength criteria of the lami-
nate (see, for instance, Ref. 6). Consideration of this failure aspect
would require stipulation of specific material systems and cylinder
geometries, which is not within the scope of this paper. However,
the analysis presented can be easily modified to include estimations
of material failure because of any criterion, which will be required
in the optimization process.

The goal of this paper is to develop the governing equations for an
infinite length orthotropic cylinder under pure bending from clas-
sical nonlinear shell equations. This derivation should give greater
physical insight into the mechanics of the Brazier effect than usual
variational methods, as well as provide a consistent approach to ex-
plore more complicated tube bending problems, such as arbitrary
cross sections, general beam loading conditions, and the influence
of stiffeners and end conditions in the axial direction. Additionally,
the influence of laminate stacking sequence and internal pressure
on the collapse loads of orthotropic structures needs to be explored
to discover optimal configurations for typical stiffened cylindrical
structures under flexural loading.

Fig.1 Mechanism of Brazier effect to produce ovalization.
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Nonlinear Analysis for Infinite Shell

We begin with the derivation of the particular nonlinear strain—
displacement relations for an infinitely long circular cylinder under
bending. Attention is focused on the cross-sectional deformation of
a tube with a constant axial curvature and dimensions of mean ra-
dius R and shell thickness H (see Fig. 2). Here (u,, u,, u,) denote
displacements in the Cartesian (rectangular) coordinate directions,
whereas the symbols (u, v, w) represent cylindrical coordinate dis-
placements. The function fix) shown in Fig. 2 represents the axial
profile of some reference line (ref) in the shell, which is made to
correspond to the neutral surface of the cross section and is usually
taken as ¢ = /2. Under pure bending, the curvature of this axial
profile (x = d? f1/dx?) is constant along the length of this infinite
tube. Also note that the compressive stress state is located at the top
of the structure, which corresponds to 8 = 0.

The general strain—displacement relations for a circular cylinder
expressed in rectangular coordinates is given as
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Now we will assume that the only nonlinear terms that are important
are those dealing with cross-sectional deformation. That is,
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These strains can also be expressed in terms of the cylindrical coor-

dinate displacements (&, v, w), which are defined from the Cartesian
displacements as
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Thus from Egs. (3) and (4) the strains are also written as
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Fig.2 Geometry of deformed shell.

Next we must consider the change in curvature in the circum-
ferential direction of a shell element, which will be in terms of the
circumferential rotation e (for definition of positive rotation see
Fig. 2). We will utilize Brazier’s assumption that the deformation
of the cross section contour is inextensional; i.e., there is no stretch-
ing in the circumferential direction. First, note that the undeformed
circular cross section can be defined by

1 dé

== ©

R ds
where ds is the arclength. Since this arclength remains the same in
both cases because of the inextensionality condition, the definition
of the deformed cross section can be expressed as

1 d(w + 0)
— 7 7
Rg ds ( )
Therefore the change in curvature is simply
1 1 dw 1 de
Kp = = ®

"R R ds RO
Furthermore, we can relate the inextensional rotation w to the dis-
placements of a point in the cross section, since (from Fig. 2)
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Enforcing the symmetry condition and the definition of the neutral
(reference) surface

uylp—o=0 Uzlo =6 = f1(x) (10

results in integral equations for the Cartesian displacements

u, = Rn(6) u, = fi(x) — R (6)
)
n(@) = / [cos(w + 0) — cos 68]d8 an
0
8
o(0) = [sin(w + 8) — sin§1d9

Bret

where we have defined n and ¢ as the nondimensional horizontal and
vertical cross-sectional displacements, respectively. The cylindrical-
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coordinate cross-sectional displacements (v, w) can also be formu-
lated in terms of the nonlinear rotation w, through Eq. (4):

v(x,0) = R(ncosO + ¢sinb) — fi(x)sin6
w(x,8) = R(nsinf — ¢ cosh) + fi(x)cosé

Additionally, the nonlinear expression for the circumferential strain
in Eq. (5) is composed of two portions, namely the linear strain and
rotation. Using Eq. (12), we express these portions of the circum-
ferential strain as

18v+ — cosw— 1
7\ 39 w ) = co

1 ow .
—(v—— ) =sinw
R 30

Note that the nonlinear circumferential strain of Eq. (5) is identically
zero as expected.

To express the axial displacement in terms of w, we must utilize
one more assumption: the shear strain y,, is zero. This will be true
for infinite cylinders under pure bending, since there are no end
conditions or shear forces on the structure to produce shear stresses.
Then we can set y,4 to zero in Eq. (3), employ Eq. (11), and integrate
for the axial displacement «, which is used to define the axial strain:

13
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f2(x) is a constant of integration over € and corresponds to axial
displacement at the reference line. Thus all of the displacements and
in-plane strain quantities can be expressed in terms of the reference
surface displacements f;(x) and f5(x) and the nonlinear rotation
w(0).

The stress—strain behavior for these shells is based on classi-
cal lamination theory along with the semimembrane assumptions
mentioned earlier. Macroscopic laminate stiffness measures are de-
termined by integrating through the thickness of the shell wall in
the usual manner. In particular, we calculate the extensional and
bending stiffnesses as

H2 Hp2
Ay = Qijdz D;; =
~Hp2 —Hp2

0i;z%dz (15)

where O; ; are the transformed reduced stiffnesses of an orthotropic
layer (see, e.g., Ref. 7). We restrict our investigation to balanced
symmetric laminates.

We now invoke the assumptions of semimembrane constitutive
theory. First, shell bending and twisting in the axial direction are
ignored, and the Poisson effect is neglected. This can be expressed
mathematically as

D1, D12, Dig, Das, Dgg — 0 (16)

Thus, the bending and twisting moments in the axial direction
(M, M,,) are zero. Since the Poisson effect is neglected, the in-
plane stress resultants depend only on their corresponding strain
measures:

N, =E.He, Ng = EgHegy Nyo = Agsvrs  (17)
We have defined the effective moduli for orthotropic laminates in
terms of the extensional stiffness measures to include arbitrary lam-
inate layups:

_ Andyp — A2,
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Finally, the assumptions of inextensionality of the cross section and
lack of shear strain can be stipulated at the constitutive level as

Ey, Ags —> 00 = &, ¥xp =0 (19)

From these remarks, it is evident that the only necessary constitutive
relations are

N, = E,Hs, My = Dy (20)

With the definition of the axial stress resultant N, the total axial
force and applied bending moment over the cross section of the
structure can be found from

N = f N,Rd9 =0
2D
M=— % Ny(Rcos6 +u,)RdO
The first equation calculates the axial strain at the reference surface
[see Eq. (14)], whereas the second supplies the nonlinear relation

between the curvature of the tube axis (k = d? f;/dx?) and applied
bending moment:
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These are the beam equations for a circular cylinder with the Brazier
effect included. The function f>(x) and constant « exactly corre-
spond to axial extension and curvature of a one-dimensional beam, If
we ignore the Brazier phenomenon, the preceding equations reduce
to elementary beam theory, as expected:

dfs M

2 _p = —

dx El
Furthermore, we desire 6,.r to correspond to the neutral surface under
bending, such that £,(6 = 6,r) = 0. Thus we utilize the first of
Eq. (22) along with Eq. (14) to define the location of the reference
surface:

(23)

1
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Lastly, we will need the nonlinear equilibrium equations to gener-
ate the governing equation for w. Again there are simplifications of
the equations as a result of the restrictions of semimembrane theory,
which only includes the bending moment and shear force that are in
the circumferential direction. Moreover, we will not include terms
containing derivatives in the axial direction, since we are assuming
an infinite shell that does not have stress or strain variation along the
length. Then the shell equilibrium equations become (see Ref. 3)

0 dA| AlA,
2 (ANg) — Ly, 4 22
30( 1Np) Py —+ Ry Qs =0
a 04,
— (AN —_— =
89( 1Nx) + Y Ny =0

3 (25)
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d Ng N
—(A — A 2+ 2 =
39( IQO) 1 2(R9+Rx)+A1A2p 0
Here (A;, Az) and (R,, Ry) are the Lamé coefficients and Gaussian
radii of curvature of the surface defined by the shell in (x, 8) coor-
dinates. In the standard nonlinear formulation for cylindrical shells,
these surface parameters are calculated as

1 d?
A =1 R = x:—dxle cosf
1 xl 1 a (26)
w
A; =R —_—=— 14 —
2 R R R( +ae>

However, the driving mechanism for the Brazier effect relies on the
action of the axial stresses along with the curvature of the axis and
shape of the cross section. Thus the surface parameters must be
derived by assuming a cylindrical shell with some axial curvature



TATTING, GURDAL, AND VASILiEV 1937

and cross-sectional deformation. Referring to the geometry of Fig. 2,
we assume that the cross section rotates through an angle equal to
the slope of the reference line, d f; /dx. Then the expressions for the
shape of the deformed shell become

X =x — Rsin (d—fl>(cose — ¢ — cOS Oref)
dx
Y = R(sin6 + ) @7

Z = fi(x) + Rcos <c:i—];l>(c050 — ¢ — COS Or)

Calculation of the Lamé coefficients and Gaussian curvatures in the
usual manner (e.g., see Ref. 8), along with the assumption of small
cross-sectional rotations, gives the following expressions for A; and
R,:

Ay =1—kR(cos@ — ¢ — cOS Ores)
1 —~k cos(w + ) 2%

R, 1 — kR(cosO — ¢p — cos Ors)

Note that these differ from the usual Lamé parameters for circular
cylindrical shells since 3A/36 # 0 here.

The four equilibrium equations, Eq. (25), can now be combined
into one nonlinear equation involving only My and N, through in-
tegration and application of symmetry conditions. Some terms can
also be neglected because of their relative size. For instance, the
equilibrium equations contain many terms that are multiplied by
A,. However, since « R is much smaller than unity, we can neglect
the second part of A, for most terms. The exception is when A, has
circumferential derivatives that are multiplied by N,. This deriva-
tive of A; is not equal to zero [though it is for traditional nonlinear
cylindrical shell equations as in Eq. (26)], and the multiplication of
it with the largest stress measure generates a term that cannot be ne-
glected. In fact, omission of this term will lead to a solution off by a
factor of % Thus traditional cylindrical shell equilibrium equations
are not sufficient to model the nonlinearity of the Brazier effect but
must be modified to include this important nonlinear term.

Following this argument, the second equilibrium equation (along
with a symmetry condition) becomes

3
5‘0'(Nx9) =0 Nyplo=o=0 29)
Solution of this differential equation and application of the homoge-
neous symmetry condition determine that N, = 0 at all locations.
Thus the semimembrane assumption of zero shear strain (and zero
shear stress) is valid for infinite length cylinders. It should be re-
emphasized, however, that this assumption is not valid for finite
length cylinders or for arbitrary beam loading.

Referring back to Eq. (25), we can express the intermediate vari-
ables Ny and Qg through the third and fourth equilibrium equations
as

0 1 M,
8= T

R 89 30)
Np= Ry L2 4 g, — Roy

8 = BR 39 8 Rxx

where Ny and Qg are nonzero stress measures that are defined
through the equilibrium equations, yet do not follow a constitutive
law because of the assumptions of semimembrane theory. Insertion
of these stress measures into the first equilibrium equation yields a
governing equation for N, and Mj:
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Substitution of the constitutive laws for N, and M, along with the
definitions of &, and kp yield a fourth-order ordinary differential

equation (ODE) for w. Let us now define some nondimensional
parameters.

_ kR*E.H _ M
o = ——————— m=s= ————— o
2«/D11E9H 27TR~/D”E9H
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= nx 3
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where the curvature, bending moment, pressure, and axial stress
resultant have all been normalized with respect to their classical
buckling values for an infinite cylinder. We will also introduce a
parameter x that is a function of laminate stacking sequence:

/ Dy Ey
X = (33
D22Ex )

Then the differential equation for @ becomes (a prime represents
d/de)
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with the auxiliary relations
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= (35)
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This is precisely the equation found by Reissner’ (for isotropic
materials), except that he introduced the nonlinear loading terms
(containing @) through a less rigorous approach. He then solved
the nonlinear equation approximately using perturbation techniques.
A numerical solution of this equation was performed by Fabian.'"
Linearization of this equation in terms of a Fourier expansion for
the radial displacement w leads to the original ODE discovered by
Brazier. His simplistic solution establishes that the radial displace-
ment varies as cos(26) and is of the form (Wood!! later included the

effects of pressure)
252
= &[1 - —1‘-"‘—*]
2(1+p)

w®)  x%a
R ~3(1+p)

Solution for the full nonlinear shell equation is shown in Fig. 3
for an isotropic material under pure bending (x = land p = 0).
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Fig. 3 Moment and ovalization vs curvature for long isotropic cylin-
der.
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[The ovalization of the cross section is usually measured by the
radial displacement at 8 = 0, which corresponds to Wy, = ¢ (0)
for the shell solution.] The solution was obtained using finite dif-
ference techniques along with Newton’s method. As expected, the
results agree exactly with the numerical solution of Fabian, who
used similar techniques but also introduced the loading through
ad hoc methods. One can also see that the linearized Brazier so-
lution gives excellent results despite its simplicity and provides a
tremendous gain in computational efficiency. Similar agreement is
observed between the shell solution and Brazier’s approximation for
all values of x and p. A thorough discussion of why this rough solu-
tion of Brazier generates such well-behaved results can be found in
Calladine.?

Limit Points and Local Instability

Often itis believed that the highest point on the nonlinearload path
corresponds to the collapse moment for long tubes under bending.
Once the maximum bending moment is surpassed, the structure
has no ability to withstand the load, and catastrophic failure occurs.
Calculation of this limit point is easily accomplished using Brazier’s
approximation, Eq. (36). The moment reaches a maximum when
dm/da = 0; thus,

_ 1 /2(1+p _ 2 2(0+p
Qyim = — ——( P) Miim = 5 '——"—‘( P) 37
XV 3 3xV ' 3

Though this limit load is theoretically true for some structures, ones
in which the Brazier effect is very pronounced (e.g., large values of
x), most tubes collapse before the limit moment is reached because
of the formation of a kink, which represents a postbuckled state.
The mechanism that produces this kink is local buckling on the
compressive side of the tube. However, the Brazier effect still plays
asignificantrole in this failure mode, for the development of the kink
depends substantially on the local curvature of the cross section. It
was precisely this behavior that motivated Aksel’rad' to determine
cylinder collapse loads with this nonlinear deformation.

Buckling of circular cylinders under bending was most quali-
tatively defined by Seide and Weingarten.! They determined that
the maximum critical bending stress is roughly equal to the criti-
cal buckling stress under axial compression. Local buckling occurs
when the maximum compressive stress (at & = 0) attains this value.
For orthotropic materials, this critical stress is

-2 DnEgH
Oa=——p (38)

where p is the local radius of curvature at & = 0. However, because
of the Brazier effect, the cross section of the cylinder deforms into
an oval (see Fig. 1), and the radius of curvature at the critical loca-
tion increases, thus lowering the critical buckling stress. Therefore,
one can get a good estimate of the collapse moment by determin-
ing when the axial stress on the compressive side of the cylinder
reaches this critical value. Of course, a more reliable determination
of the collapse load would be to perform a stability analysis from
the nonlinear prebuckled state. However, we will employ this Seide—
Weingarten approximation'* since it is computationally simple and
reveals the important points of local buckling in a straightforward
manner. To make the equations simpler, we will also utilize the lin-
earized equations instead of the highly complex nonlinear solution.

Only two characteristics of the loaded cylinder need be known
to determine this approximate stability criterion: circumferential
curvature and the axial stress resultant. Both quantities have been
defined earlier [see Eqgs. (8) and (35)] in terms of the circumferential
rotation w(6). For the linearized Brazier solution, this quantity is
calculated to be

————— sin 26 39
T (39

Therefore the circumferential curvature and axial stress resultant
become

2-2
X
Ko Kp ) cos

252 2=2
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Then the stipulation that the maximum compressive stress (6 = 0)
must remain below the critical buckling stress to remain stable

(40)

N0 =0) —2DnEHI1
(H ) - ; f [E+x9(9=0)] 1)

generates the stability criterion for orthotropic tubes of arbitrary

length
2=2 22
&[1———X°‘_}<1— X 42)
30+ p) 1+p)

Thus, the method for finding the critical bending curvature of an
orthotropic cylinder with internal pressure consists of finding the
root of a third-degree polynomial. One interesting point here is that
for certain values of x (and p), the critical curvature for buckling
is not reached until after the maximum moment is attained. Some
comparisons of Eqs. (37) and (42) will be made in the next sections
to illustrate this point.

Lastly, these collapse points will be compared in terms of cur-
vatures as opposed to applied bending moments. This enables us
to distinguish between collapse criteria more accurately, since mo-
ments near the limit point tend to have similar values because of the
small slope of the load—displacement curve (see Fig. 3).

Influence of Laminate Stacking Sequence

Brazier’s analysis applied to long cylinders constructed of or-
thotropic material was first done by Kedward.!> For our analysis,
the nondimensional parameter x of Eq. (33) seems to describe a
measure of orthotropy for any shell wall construction. However,
x does not signify any classical measure of orthotropy, such as
the ratio of the moduli in perpendicular directions. For instance,
isotropic materials and cylinders fabricated from one layer of an
orthotropic material both possess a value of x = 1. Clearly then,
the degree of orthotropy of the material is not represented by x. A
more accurate description of x is related to the collapse loads of
the cylinder. Recall that the classical buckling moment is propor-
tional to /(D Ey). However, because of the Brazier effect, another
mode of failure exists in the form of a limit moment on the nonlinear
load path. After unnormalizing Eq. (37), it can be shown that this
limit load is proportional to ./(Dx, E, ). This makes physical sense,
since each of the stiffness measures E, and D,, contribute to the
nonlinearity in different ways: a high axial in-plane stiffness resists
the curving of the tube that generates the inward forces that ovalize
the cross section; whereas a large circumferential bending stiffness
will not allow the circular cross section to deform into an oval.
Therefore, x is an indication of the ratio between the buckling and
limit loads of a tube under bending and will be dubbed the collapse
parameter. Structures with a low collapse parameter will become lo-
cally unstable before the limit point is reached, whereas tubes with
large values of x will attain a maximum moment before buckling
occurs.

The question still remains as to what kind of structures generate
different values of the collapse parameter defined by Eq. (33). The
ratio of bending stiffness divided by the in-plane stiffness in two per-
pendicular directions is certainly not intuitive. As mentioned previ-
ously, any tube constructed of a single orthotropic layer will behave
the same with respect to its normalized collapse load values. The ob-
jective is to find structures that possess drastically different bending
and in-plane stiffness characteristics in the axial and circumferen-
tial directions. Obviously, both multilayered composites and direc-
tionally stiffened cylinders satisfy this criterion and can achieve a
wide range of x values. For instance, a simple laminate composed
of unidirectional orthotropic layers (E;/E; =~ 11) with the layup
[0,/+45]; has a collapse parameter x equal to 1.55. Including the
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Fig. 4 Maximum collapse parameter vs material orthotropy.

effects of smeared ring stiffeners or longitudinal stringers canlead to
an even greater range of collapse parameters. Therefore, the collapse
parameter is a direct function of the stacking sequence of multilay-
ered and/or stiffened shells, as well as the material properties of the
constituent layers.

Some preliminary optimization has been performed to determine
the maximum value of x that can be achieved as a function of lam-
ina orthotropy and stacking sequence. Laminates were restricted
to be symmetric, balanced, and constructed only of 0-, £45-, and
90-deg plies. It was found that laminates with large values of x
tend to have many 0-deg plies at the extreme locations of the lam-
inate, with 90 deg plies at the midplane and a transition region of
+45-deg plies between the two. Conversely, small values of x are
generated by an inner core of 0-deg plies with 90-deg layers at the
extremities.

The extreme value of the collapse parameter for these optimal
ply configurations also depends on the orthotropy of the laminae. A
plot of the maximum value of x as a function of material orthotropy
is shown in Fig. 4 (here we assumed that the shear modulus of the
lamina was that of the matrix material). The amount of 0- and 90-
deg plies also changed as a function of material orthotropy, whereas
the percentage of +-45-deg layers remained about the same (around
10%). Two mechanisms to increase the value of xy were observed.
For smaller values of E,/E,, the laminate was composed of over
50% 90-deg layers in the core of the laminate. This has the effect of
making Ey greater than E, without a large difference in the bend-
ing stiffnesses. However, the maximum values of x are not very
large for this case because of the small value of the orthotropy. As

. the orthotropy increases, the mechanism to maximize x changes.
The amount of 0-deg plies at the extreme locations of the laminates
grows to almost 60%, thereby increasing the bending stiffness in the
axial direction (D;;) when compared with that in the circumferential
direction (Dy,) because of the distance of these plies from the lam-
inate midplane. Analogous optimization techniques for minimum
values of x would result in a reversal of these trends, and the curve
in Fig. 4 would follow an inverse relation (i.e., Xmin = 1/Xmax)-

Representative moment vs curvature relations calculated from the
linearized solution of Eq. (36) for various values of the collapse pa-
rameter x are displayed in Fig. 5 for unpressurized cylinders. The
load paths are terminated when the limit point is encountered. The
intersection of the solid line with a load path represents the buckling
point according to the Seide-Weingarten criterion.'* Note in Fig. 5
that the tubes with higher values of the collapse parameter experi-
ence significant nonlinearity because of the Brazier effect before a
buckling point is attained. Conversely, laminates possessing a small
value of x behave more linearly and collapse when their classical
buckling value is reached. Thus the limit point of the Brazier ef-
fect cannot be used as an accurate estimate of the collapse load for
long cylinders possessing a small value of x. To illustrate this more
clearly, critical curvatures according to limit load and local instabil-
ity are plotted as a function of x in Fig. 6. The lower value of the
two is the curvature that determines collapse. Note that for small
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values of x, the limit moment is not an accurate estimate of the
collapse load. Furthermore, for values of x greater than 2, the limit
point is actually locally stable! However, it may be almost impossi-
ble to distinguish the limit load behavior from the local instability
experimentally, for the buckling load remains very close to the limit
load, and the catalyst to the postbuckled state may be difficult to
distinguish.

Influence of Pressure

Internal or external pressure can also affect the amount of non-
linearity for long tubes under bending. Plots of load—displacement
curves are displayed in Fig. 7 for typical values of pressure for shells
with a collapse parameter equal to 1. A large internal pressure cre-
ates circumferential stresses that will dominate the bending stresses
in the tube and forces the cross section to remain circular. Thus the
ovalization that lowers the moment of inertia will not occur, and
the nonlinearity as a result of the Brazier effect will be lessened.
Conversely, exterior pressure heightens the nonlinear effect by en-
couraging the cross-sectional deformation to increase. The solid line
in Fig. 7 again corresponds to the buckling point using the Seide—
Weingarten criterion, 4

Limit points and buckling loads are also compared as a function
of pressure in Fig. 8. Note that the pressure has been normalized
with respect to a classical buckling value for a circular ring under
external pressure (see Ref. 16). A value of p = —1 would result
in bifurcation of the tube before a bending moment is ever applied.
However, large external pressures also increase the Brazier effect,
so that a limit point may occur first.

This effect of pressure on collapse loads for cylinders under bend-
ing was first investigated in detail by Fabian,!® who also performed
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a full bifurcation analysis from the deformed state for infinite cylin-
ders under bending, pressure, and axial loads. He discovered that the
failure mode depends on the radius-to-thickness ratio of the cylinder
and that thicker cylinders tend to collapse because of the limit load
failure, whereas thin shells approach the engineering approxima-
tion of Seide and Weingarten.'* Our simplified bifurcation analysis,
based on the buckling stress calculation of Seide and Weingarten,
does not depend on the radius-to-thickness ratio of the tube; there-
fore Fabian’s results!® cannot be verified using our assumptions.
However, we can conclude from our simplified analysis that the
limit load is again a poor estimate of the failure load of the structure
except for extreme cases.

Conclusions
The governing equations for the bending response of orthotropic
infinite length cylinders have been presented. The analysis presented
here yields a complete nonlinear formulation of the Brazier effect

from semimembrane nonlinear shell theory. The nonlinear effect
has been introduced in a rigorous manner consistent with classical
shell theory. Numerical and analytical solutions of the differential
equation were found to agree excellently, and the load—displacement
response, as well as the collapse behavior of these structures, was
found to depend strongly on laminate stacking sequence and in-
ternal pressure. A nondimensional collapse parameter that distin-
guishes between shells with a propensity to buckle from those that
experience limit load behavior was also introduced. Finally, it was
demonstrated that, in general, the limit point in the load—deflection
curve could not be used as a reliable estimate of the collapse load
of the structure.
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